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Abstract
We summarize some recent progress and problems on the symplectomorphism
groups, with an emphasis on the connection to the space of ball-packings.
1 Introduction
Let X be a symplectic manifold, with symplectic form ω. A symplectomorphism is a
diffeomorphism φ : X Ñ X such that φ˚ω “ ω. The main theme of this article is the
group of symplectomorphisms SymppM,ωq, which can be endowed with a C8-topology
and becomes an infinite-dimensional Lie group. Since Gromov’s seminal work in [Gro85],
the topology of symplectomorphism groups has been an active field of study. As of now, the
subject has developed into a large industry, and many different faces have been discovered
and explored.
One of the most attractive problems on SymppXq, after Gromov [Gro85], is to under-
stand its (weak) homotopy type of SymppXq. In general, we know SymppXq is always a
countable CW-complex [MS98], but any concrete computations are highly nontrivial, see
for example [Abr98, McD00, AM00, Anj02, LP04, Bus11]. This thread of study of the full
homotopy type has been deeply intertwined with the stratification of almost complex struc-
tures, which again inspired a series of interesting works [McD00, AGK09, Bus05, LLnt],
etc. If one narrows the attention to the connectedness of SymphpXq, the symplecto-
morphism subgroup that acts homologically trivially on X, interesting phenomenon can
already be observed. Seidel first constructed the Lagrangian Dehn twists as symplecto-
morphisms, and proved that they are smoothly isotopic to identity but not symplectically
isotopic to identity in dimension 4 in many cases [Sei99a, Sei08b]. He further pointed
out the connection between such symplectomorphisms and the singularity theory which
goes back to Arnold [Sei08a, Sei97]. This thread of ideas leads to the symplectic Picard-
Lefschetz theory, which shapes a large part of homological mirror symmetry, but is beyond
the scope of our discussion here.
The perspective of the current article on SymppXq is an attempt to extend Seidel’s
works in dimension 4 and make connections with yet another classical problem in sym-
plectic geometry: the ball-packing problem. Since the discovery of Gromov’s celebrated
∗J.L. is partially supported by NSF grant DMS-1611680.
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non-squeezing theorem, the ball-packing problem has been one of the central themes in
symplectic geometry, see [Bir97b, Bir97a, Bir96, Bir01b, Ops07, MS12, CCGF`14] for
some examples of the 4 dimensional case. The higher dimension cases remain one of the
most exciting areas in current research, see [PS08, BH11, BH13, HK14, HK18] for just a
few examples.
To make the connection to symplectomorphism groups, we recall the symplectic de-
scription of blow-ups [MP94]. Take a symplectic 4 manifold X and a ball packing φ :šk
i“1Bpciq ãÑ X, one may obtain a symplectic k-fold blowup of X by quotienting the
Hopf fibration of the boundary of the complement of the balls. Seidel pointed out one
should consider a “universal” fibration of X#kCP
2
over the configuration space of points
in X, whose description is recalled in Section 2. The monodromy of this fibration, gov-
erned by the fundamental group of the configuration space, contains a large amount of
information of the symplectic mapping class group π0pSymppX#kCP
2
qq.
Another similar but more topological perspective is based on Mcduff’s observation that
the space of ball-packing is connected [McD98], preceded by the work of Biran [Bir96]. In
special cases, this allows one to study the symplectomorphism group via the homotopy
fibration (3.2), as is explained in Section 3. The second author defines a kind of possible
generators of π0SymppM,ωq called the ball-swapping symplectomorphisms [Wu14],
which essentially captures the connecting map in the associated homotopy exact sequence.
See section 2 below for details. Locally, Seidel’s generators of the monodromies in the
configuration space is exactly equivalent to swapping two balls.
As it turns out, this explicit construction has interesting applications to studying map-
ping classes and classifying Lagrangian submanifolds in An-surface singularities [Wu14],
see also Theorem 3.8. Later, in the authors’ joint works [LLW15, LLWnt] with T.-J. Li,
we use this construction to study π0pSymppX,ωqq for rational surfaces with χpXq “ 8
(Theorem 3.3). We expect the ball swappings construction to play a role in more ques-
tions involving a larger class of symplectic manifolds. As a final remark, we note that the
topology of the space of symplectic packings has also been studied by many researchers,
see for example [LP04, AL07, AP13] (dimension 4) and [Hin16] (dimensions higher) just
for a very incomplete list.
A purpose of this note is to give a brief account on the series of works [LW12, Wu14,
LLW15, LLnt, LLWnt]. Another goal is to summarize some problems in this direction,
most of which are folklore for a long time but have not found their due appearance in the
literature. We hope the effort of documenting these problems will help as a reference in
the future. It is instructive to point out that we have intentionally limited our scope and
do not attempt to reflect all recent developments in the study of symplectomorphisms.
Especially, we have not mentioned the line of works that are closely related to mirror
symmetry [Kea14, DKK16, Sie, SSnt, Yus], etc.
Our exposition is organized as follows. In Section 2, we will detail the construction
of ball swappings, point out the connection with Dehn twists along Lagrangian spheres,
and briefly discuss the case beyond dimension 4. In Section 3, we will focus on the appli-
cations of ball-swappings to rational surfaces, and the closely related Lagrangian isotopy
problems will be discussed in Section 4. Section 5 is a immature attempt to propose a
general scheme for connecting the study of space of ball-packings and the topology of con-
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figuration space in a topologist’s eyes, which hopefully would inspire the seasoned experts
to further the connection of this circle of ideas to higher homotopy groups of SymppMq.
Acknowledgements. We are grateful to Silvia Anjos, Paul Biran, Olgta Buse, Richard
Hind, Tian-Jun Li, Cheuk-YuMak, Dusa McDuff, Martin Pinsonnault, Leonid Polterovich,
for their interests in reading a draft of this note, who provided invaluable suggestions to
the authors.
2 Ball-swapping symplectomorphisms
In general, there is a way of constructing symplectomorphisms from the monodromies of
moduli spaces of Ka¨hler manifolds. The “ball-swapping” construction, which will be the
main topic of our article, is a special instance of this well-known approach. In what follows,
we give a brief account. Let E, B be smooth quasi-projective varieties, and π : E Ñ B
a proper smooth morphism with a line bundle L Ñ E which is relatively very ample.
This means the sections of L|Eb define an embedding of E into a projective bundle over
B. Assume M “ E|b0 is the fiber over a generic point b0. Then M obtains a family of
symplectic forms ωb such that the cohomology class of ωb is locally constant. Moreover,
there is a symplectic connection on the bundle E, taken as the symplectic orthogonal of
the vertical tangent space. Therefore, E becomes a symplectic fibration, with a classifying
map
B ÝÑ BSymppM,ωb0q. (2.1)
Note that this family is not always universal, but it could still yield interesting mon-
odromies. In particular, one may take B as (part of) the coarse moduli of a certain
variety M . We are interested in the symplectic geometry of a smooth M in this note,
but it is completely justified to consider monodromies of a singular symplectic space, for
example, a symplectic orbifold.
The above philosophy applied to B “ Confunk pXq, the configuration space of k distinct
unordered points on a projective variety X, yields a family of M “ X#kCP
n
. Over the
point b P B, the fiber is the blow-up of the corresponding k-tuples. One may partially
compactify B to a normal quasi-projective variety B¯ by adding a complex codimension
1 discriminant locus ∆ where two points collide. E can be also compactified into E¯, by
adding the corresponding blow-ups of non-reduced points. This gives fibers with normal
singularities over ∆. Take a normal disk Db¯ centered at b¯ P ∆, E¯|Db¯ gives a Lefschetz
fibration with a single Morse-Bott singularity component CPn´2, hence the monodromy
over BDb¯ is a fibered Dehn twist along a family of isotropic S
2’s over this CPn´2 [WW15]
(see also [MW]). This is well-known when n “ 2 and Ivan Smith pointed out to us the
general case.
These simple monodromies motivate the following symplectic generalization in [Wu14],
which we call the ball-swapping (see also [LW12, BLW14]).
Suppose X is a symplectic manifold. Given two symplectic ball embeddings:
ι0,1 :
nž
i“1
Bpriq Ñ X,
3
where ι0 is isotopic to ι1 through a Hamiltonian path tιtu. From the interpretation of
blow-ups in the symplectic category [MP94], the blow-ups can be represented as
X#ιj “ pXzιjp
nž
i“1
Biqq{ „, for j “ 0, 1.
Here the equivalence relation „ collapses the natural S1-action on BBi “ S
3. Now
assume that K “ ι0p
š
Biq “ ι1p
š
Biq as sets, then ιt defines a symplectic automorphism
rτι of XzK, which descends to an automorphism τι of X#ι :“ X#ι0 “ X#ι1 .
Definition 2.1. We call τι a ball-swapping on X
#ι.
One should note that a local ball-swapping is not interesting beyond the homological
level: if X “ Cn and the ball-swapping has ι0pBiq “ ι1pBiq for all i, then one may choose
an isotopy from tιtu to the identity loop, which gives an isotopy of τι to identity for n ě 2.
The difference between a ball-swapping symplectomorphism and the monodromies
constructed from algebraic geometry is a bit subtle. What the monodromies from the
Confunk pXq capture, roughly speaking, is the topology of the configuration space given
by the center of the corresponding ball-packing; while the ball-swapping a priori reflects
the topology of symplectic ball-packing. [LP04] shows that these two spaces can be very
different when the size of ball-embedding is large even when there is only one ball involved.
However, if we are only concerned about the symplectic mapping class group, there is
evidence that the two might not be that different. We will see more examples in the next
section.
There is also a non-compact version of the ball-swapping symplectomorphism given
in [Wu14]. In dimension four, the construction goes as follows. Let D2 Ă X4, and
ιt : Bi ãÑ X, 0 ď t ď 1 be a loop of ball packing in X induced by Hamiltonian in X which
preserves D. Assume ι0 “ ι1 “ ι, and that ιtpBiq XD persist to be the large disk in the
respective Bi. Then the ball-swapping τι constructed earlier induces a Hamiltonian φ
D
in D. Note that φD can be extended to a Hamiltonian diffeomorphism φˆD in X which is
supported nearD. Then the symplectomorphism pφˆDq´1˝τι defines a compactly supported
symplectomorphism in Xι ´ Dˆ, where Dˆ is the proper transform after the blow-up of the
ball-embedding ι. We call pφˆDq´1 ˝ τι a non-compact ball-swapping.
In essence, such a non-compact ball-swapping is given by isotoping two attaching
Legendrian knots on BpX ´Dq, which gives a symplectomorphism that switches the cor-
responding handle attachments of Xι ´ Dˆ.
Example 2.2. In the local model whenX “ C2 andD “ Cˆt0u with two ball-embedding
B0 and B1, the symplectic completion of X
ι ´ Dˆ is symplectomorphic to T ˚S2. If one
takes ι so that the restriction of ιt to the center of Bi gives a generator of π1Conf
un
2 pD
2q,
the non-compact ball-swapping gives the Dehn twist of the zero section [Wu14].
Yet another generalization of the ball-swapping construction is to replace the balls by
an arbitrary open region whose boundary admits a circle action. This again induces a
symplectomorphism in the symplectic cut.
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Example 2.3. In [RB39], Rubin-Blaire considers X “ CP3 and the neighborhood of a
genus 4 curve, see Proposition 1.48 therein. The idea is similar to the universal bundle
construction we described in the beginning: One constructs a nodal family of genus 4
Riemann surfaces, which is a pair pp : C Ñ D2q where C is a complex analytic subvariety
of dimension 2, and pp : C Ñ D2q is a proper holomorphic map with a single Morse
singularity over 0 P D2. The monodromy of this family is a Dehn twist along a separating
curve. There is a sequence of inclusions
C¯ ãÑ S2 ˆ S2 ˆD ãÑ CP 3 ˆD,
which respect the bundle structure over the disc. The blow-up of C in CP 3 ˆD yields a
new monodromy in a Fano 3-fold Xˆ , which is “ball-swapping” type symplectomorphism
from a path of embedded symplectic curves. It should be pointed out that Rubin-Blair’s
construction and study of this example involves many non-trivial applications of algebro-
geometric considerations, which enables one to extract information of the loop of the genus
4 curve.
3 Symplectic mapping class groups of rational surfaces
One of the most interesting applications for the ball-swapping constructions is to study the
symplectomorphism groups of blow-ups when X “ CP2. From a theorem due to McDuff
[McD98], the space of ball-packing is connected. Denote
Embpciq :“
tpfp
kž
i“1
Bipciqq, piq|f :
kž
i“1
Bipciq ãÑ CP
2 is an embedding of symplectic open balls,
pi P Biu
(3.1)
as the space of (unparameterized) ball-packings in CP2. Note that the extra marked
points pi will allow the evaluation map to be defined, and the forgetful map that removes
them induces a homotopy equivalence to the ordinary ball-packings. Throughout this
section, we only consider the case when Embpciq is non-empty, which boils down to a
concrete numerical condition in ci involving Cremona transforms. See [MS12], or the
reduction algorithm in [BP13, Section 2.3]. From a homotopy theoretic point of view, the
ball-swapping is a consequence of the following action-orbit fibration
HampCP2;
kž
i“1
Biq Ñ HampCP
2q Ñ Embpciq. (3.2)
Here, HampCP2;
šk
i“1Biq denotes the group of Hamiltonian symplectomorphisms on
CP2 that preserves the image of the embeddings of
šk
i“1Bi (but we do not require the
image of individual Bi’s being preserved). We note that even though HampCP
2q is con-
nected, HampCP2;
šk
i“1Biq is usually disconnected. On the other hand, there is a natural
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map
α : HampCP2;
ž
i
Biq Ñ SymppCP
2#kCP
n
q.
α is a homotopy equivalence if one assumes that the exceptional curves obtained by blow-
ing up Bi have the minimal symplectic area (see [LP04, Theorem 2.5]). This holds, for
example, when
ωpEiq “
1
m
ωpHq for m P Z,@i. (3.3)
We also note that, if we denote Ham0pCP2;
šk
i“1Biq ă HampCP
2;
šk
i“1Biq to be the
subgroup that preserves individual images of Bi, then
α0 : Ham
0pCP2;
kž
i“1
Biq Ñ SymphpCP
2#kCP
n
q
also yields a homotopy equivalence with the same non-degenerating assumption (recall
from the introduction SymphpCP
2#kCP
n
q is symplectomorphism group that acts trivially
on homology). Without (3.3), α and α0 at least induce isomorphisms on π0, because the
bubbling phenomenon is of codimension 2 (see the argument in [LP04]). The induced
homotopy sequence therefore yields (for any packing sizes ci),
π1pHampCP
2qq – Z3 Ñ π1pEmbpciqq Ñ π0pSymppCP
2#kCP
n
qq Ñ 1.
It should be clear from our construction that the ball-swappings are those symplec-
tomorphisms in the image of π1pEmbpciqq, with the kernel being an order 3 “full twist”.
This implies
Lemma 3.1. Any symplectomorphisms in SymppCP2#kCP
2
q is Hamiltonian isotopic to
a ball-swapping.
Given the similarity of ball-swappings and the monodromies from algebraic geometry,
it is natural to make the following conjecture, which has been open for decades, and is at
least implicit from Seidel’s earlier works [Sei08a].
Conjecture 3.2. π0SymppCP
2#kCP
2
q is generated by Lagrangian Dehn twists.
When k ď 4, this was confirmed in [LLW15], following the work of [Eva11b]. When
k “ 5, π0SymppCP
2#kCP
2
q were computed in [Sei08a], [Eva11b] and [LLWnt].
Theorem 3.3. Let X be CP 2#nCP 2. If n ď 4, π0pSymphpX,ωqq is trivial, and hence
π0pSymppX,ωqq is a finite reflection group. When n “ 5, the moduli space of symplectic
form up to diffeomrophism and rescalling has real dimension 5, and π0pSymphpX,ωqq is
completely known to be:
‚ the 5-strand pure braid group of S2 on the monotone point ([Sei08a, Eva11a]);
‚ the 4-strand pure braid group of S2 on a one-dimensional family starting at the monotone
point ([LLWnt]);
‚ trivial in every other cases ([LLWnt]).
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Although the above works did not identify the generators as Lagrangian Dehn twists,
the expected set of Lagrangian spheres can be found by [LW12], and the conjecture seems
likely true.
While all these known instances are in favor of Conjecture 3.2, it remains largely
unsolved at the time of writing. From the classification of Lagrangian sphere classes
[LW12], the existence of Lagrangian spheres depends on countable numerical constraints on
the class rωs. Therefore, a generic choice of symplectic form does not admit a Lagrangian
sphere. Therefore, Conjecture 3.2 implies the following weaker version, which is still open.
Conjecture 3.4. For generic choice of symplectic form ω, SymppCP2#kCP
2
q is con-
nected.
As another piece of evidence for the above conjectures, [LLWnt] showed that when
k “ 5, Conjecture 3.4 holds.
When k ď 8, the symplectic rational surfaces admit monotone symplectic forms, yield-
ing a series of symplectic Del Pezzo surfaces Xk, k ď 8. When k ď 5, nice descriptions of
the homotopy type of SymppXkq has been obtained, summarized as follows
• SymppX0q „ PUp3q, SymppX1q „ Up2q (Gromov [Gro85]).
• SymppX2q „ T
2 ¸ Z{2 (Lalonde-Pinsonnault [LP04]).
• SymphpX3q „ T
2, SymphpX4q „ pt, SymppX5q „ Diff
`pS2, 5q (Evans, [Eva11b]).
Here, „ denotes weakly homotopy equivalences. It is natural to wonder
Problem 3.5. What are the homotopy type for SymppXkq when k “ 6, 7, 8?
This problem was also first considered by Seidel [Sei08a] where he briefly reasons why
one should expect the answer to be related to a braid group on a higher genus curve from
the moduli space point of view.
From a more technical standpoint, the proof of all known cases depends on the choice
of a nice curve configuration in the corresponding Del Pezzo surface. While these configu-
rations for k ď 5 are all simply connected, X6, X7 and X8 seems to require one to consider
certain non-simply connected curve configurations, which again leads us to certain braid
groups on higher genus curves. See [Sei08a, Example 1.13] for a more detailed discussion.
Conjecture 3.2 and Problem 3.5 also have an open counterpart. From the study of
Fukaya categories, Khovanov and Seidel [KS02] made the following deep observation.
Theorem 3.6 ([KS02]). There is a braid group embedding Brn`1 ãÑ π0SympcpW
m
n q,
where Wmn is the compactly supported symplectic mapping class group of the An-Milnor
fiber of complex dimension m.
Here, Wmn is the plumbing of n copies of T
˚Sm, and the braid group generators are
given by Lagrangian Dehn twists of zero sections. In general, we know very little about the
higher dimensional symplectomorphism groups (even the connectedness of SympcpB
2nq for
n ą 2 is widely open), but the following problem seems in reach of the current technology.
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Problem 3.7. Are the symplectic mapping class groups of ADE-type Milnor fibers gen-
erated by Lagrangian Dehn twists? And what are π0SympcpW
2
nq?
So far, we have a complete answer to this question for An-Milnor fibers in dimension
4.
Theorem 3.8 ([Eva11b, Wu14]). The compactly supported symplectomorphism group
SympcpW
2
nq is weakly homotopy equivalent to the pn ` 1q-strand braid group on the disk
Brn`1. Moreover, the Dehn twists of the plumbed zero sections corresponds to the gener-
ators of the braid group.
Evans first showed in [Eva11b] that SympcpWnq surjects onto Brn`1. His proof again
reduces the problem to a compactified rational surface and computes the long exact se-
quence of homotopy groups by the action-orbit fibration for certain configuration of sym-
plectic curves. The second author constructed the generators of the braid group using
the non-compact ball-swappings and proved that they are Hamiltonian isotopic to the
Lagrangian Dehn twists along the zero sections.
The main difficulty of Problem 3.7 is as follows. To turn all symplectomorphisms
of An-Milnor fibers into a non-compact ball-swapping, a very concrete model for the
compactification is used in [Wu14]. However, compactifications of D and E type Minor
fibers do not have a similar interpretation, and certain generalization of the ball-swapping
symplectomorphisms might play a role in this problem. A much weaker statement was
obtained by Mak and the second author [MW], which at least provides a piece of evidence
for the positive side of Problem 3.7.
Theorem 3.9. Let W be an ADE-Milnor fiber of any dimension. For any compactly
supported symplectomorphism φ P SympcpW q, the corresponding auto-equivalences Φφ P
DπAutpFukpW qq is split generated by the corresponding auto-equivalences induced by com-
positions of Dehn twists along the standard vanishing cycles.
For more general tree-like plumbings of T ˚S2 the same problem is still interesting but
even less transparent. In another direction, one may consider non-contractible loops in D
in the non-compact ball-swapping construction.
Problem 3.10. Suppose D2 Ă X4 is dual to a multiple of rωs. Let ιtpBpcqq be a family
of ball-embeddings satisfying the assumption in the construction of non-compact ball-
swappings, and assume ιtppq, the trace of the center of Bpcq, is a non-contractible loop
in D. Is the resulting non-compact ball-swapping always non-trivial in the compactly
supported mapping class group?
Example 3.11. Let D :“ Y3i“1li Ă CP
2 be the union of three generic lines, and choose
a path of ball embeddings whose center traces the non-contractible loop in l1 ´ pl2 Y l3q,
which is a C˚. Although in this case, D is not smooth, the construction still yields a
compactly supported symplectomorphism in T ˚T 2 with a two handle attached.
More concretely, take the B8T ˚T 2 as the standard T 3, the handle is attached along
a Legendrian representing the meridian of l1. Roughly, the ball-swapping represents an
isotopy of this Legendrian, which projects onto a non-contractible circle of the Lagrangian
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T 2. Unfortunately, we do not have a good description in this handle attachment picture
for the “rollback” φˆD in the construction of the non-compact ball-swapping, which is the
key to getting a compactly supported symplectomorphism.
When D “ Q Y l Ă CP 2, the union of a generic smooth quadric and a line, its
complement in CP2 is the line complement of T ˚RP2, which is a well-known example in
mirror symmetry. Take a loop on the quadric which divides its area in half, then there is
also a corresponding ball-swapping along this path.
It would be interesting to know whether these symplectomorphisms are non-trivial in
the compactly supported symplectomorphism groups.
We end the discussion on π0pSymppXqq by remarking that, there should be a higher
dimensional analog of the non-compact ball-swapping, which replaces the movement of
ball-packing by an isotopy of an Legendrian knot. The harder part is to find an appro-
priate setting to allow the “rollback map” at infinity to obtain a compactly supported
symplectomorphism.
In the rest of this section, we discuss briefly the fundamental group of HampXq for a
rational surface. In [McD08], Dusa McDuff gives an approach to obtain the upper bound of
π1HampX,ωq, where pX,ωq is a symplectic rational 4 manifold. We can follow the route
of Proposition 6.4 in [McD08] to give a proof of the following result, refining [McD08,
Proposition 6.4, Corollary 6.9]. See also [LLnt, Proposition 4.13].
Theorem 3.12. Let pX,ωq be a symplectic rational surface with b2pXq “ r, and p rX, rωq
be the blow-up of X for k times. If all the new exceptional divisor Ei has equal area, and
this area is strictly smaller than all exceptional divisors in X,
rankrπ1pSymphp rXqqs ď rankrπ1pSymphpXqqs ` kr.
If the new exceptional divisor smaller than all exceptional divisors in X, then
rankrπ1pSymphp rXqqs ď π1pSymphpXqq ` r.
In addition, there is a lower bound of the rank of π1pHampX,ωqq given by counting
circle actions in [Ped]. Note that this lower bound may not be optimal. In [LLnt] [LLWnt]
and [LLWon], a finer lower bound is given by considering the long exact sequence of the
fibration with total space being SymphpX,ωq and taking into account of π0pSymphpXqq.
Note that in most cases, this lower bound agrees with the upper bound given by The-
orem 3.12 and hence is the precise rank of π1pSymphpX,ωqq. Define QpXq :“
1
2
pχpXq ´
2qpχpXq ´ 3q. Then the above result can be summarized for rational surfaces pX,ωq with
χpXq ď 7, where π0pSymphpX,ωqq is trivial, as
QpXq “ r`rπ0pSymppX,ωqqs `Rankrπ1pSymphpX,ωqqs.
here r`rπ0pSymppX,ωqqs is the number of homology classes admitting p´2q Lagrangian
spheres. These classes only depends on the cohomology class of ω by a theorem in [LW12].
When 8 ď χpXq ď 11, due to the fact that π0pSymphpX,ωqq could be non-trivial, we
consider the following:
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Conjecture 3.13 (Li-Li, [LLnt]). The rank of π1pSymphpX,ωqq and π0pSymphpW,ωqq
satisfies
QpXq “ r`prπ0pSymppX,ωqqsq `Rankrπ1pSymphpX,ωqqs ´Rankrπ0pSymphpX,ωqqs.
This conjecture was verified in [LLWnt] when χpXq “ 8, where we computed that that
QpX,ωq “ 15 when χpXq “ 8. Also note that this conjecture provides information for
Problem 3.5 above.
Note that the result of Anjos-Pinsonnault [AP13] and Anjos-Eden [AE19] also im-
ply the above computation of π1pSymphpX,ωqq for any given form on 3-fold blow up of
CP 2. They give a generating set of π1pSymphpX,ωqq using circle action. In contrast,
our approach in [LLWnt] gives a generating set of π1pSymphpX,ωqq using p´2q symplec-
tic spheres. The two generating sets have the following correspondence. For any p´2q
symplectic sphere in 3 fold blow-up of CP 2, there is a semi-free circle τ action fixing it,
where τ is a generator of π1pSymphpX,ωqq. One may then bring up the following natural
question: can generators of π1pSymphpX,ωqq always be represented by Hamiltonian or
symplectic circle actions for toric surfaces? This is closely related by Seidel representation
[Sei99b] with Quantum cohomology, see [MT06] and [Gon06] for related works.
4 Lagrangian isotopy classes in dimension four
The question of symplectic mapping class groups is closely tied to the Lagrangian isotopy
problems. Recall that a Biran decomposition of a symplectic 4-manifold X with rωs P
H2pX,Zq is a decomposition X “ Λ
š
B, where B is a disk bundle over a symplectic
Donaldson hypersurface Σ, and Λ is an isotropic skeleton given by the limit of an inverse
Liouville flow of X ´ Σ [Bir01a].
In [Cof05], Coffey showed the following result.
Theorem 4.1. Let pX,ωq be a symplectic 4-manifold with Biran decomposition Λ
š
B,
such that Λ is a smooth Lagrangian submanifold and Σ is of genus zero. Then SymppXq
is homotopy equivalent to the L, the space of Lagrangian embedding of Λ.
There is also a version for non-smooth Λ, for which the statement is considerably more
involved, for which we refer the reader to [Cof05, Theorem 2.6].
One should note that the general problem of classifying Lagrangian embeddings is
extremely difficult. In [Sei99a], Seidel constructed homologous but non-hamiltonian La-
grangian spheres; and in [Vid06], Vidussi showed that certain homology classes admit a
class of Lagrangian tori that are mutually smoothly non-isotopic.
We focus on the classification up to Hamiltonian isotopy. By Weinstein’s theorem, this
problem is more difficult than the famous Arnold’s nearby Lagrangian conjecture, which
asserts all exact Lagrangians in a cotangent bundle are all Hamiltonian isotopic to the zero
section. So far, this strongest version of nearby Lagrangian conjecture is only known in
the case of T ˚S2, T ˚RP2 and T ˚T 2, see [Hin04] and [DRGI16]. Through the case of T ˚S2
and T ˚RP2, we also know that the space of exact Lagrangian embeddings is contractible
by [HPW16]. The nearby Lagrangian conjecture for the Klein bottle and the classification
of Lagrangian isotopy classes in C2 seems to lie within the reach of current technology,
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but the situation for T ˚Σg for g ą 1 might require new insights. In this direction, Hind
and Ivrii [HI] showed the smooth isotopiness of all Lagrangian embeddings.
For the reasons stated above, we will mainly focus on the Lagrangian isotopy problems
of S2 and RP2. Hind first investigated the Hamiltonian uniqueness of Lagrangian spheres
in S2ˆS2 [Hin04]. In the joint works of Borman, Li and the second author, it is shown that
for all Lagrangian S2’s are smoothly isotopic in a symplectic rational or ruled surface. On
the other hand, they are unique up to symplectomorphisms [LW12, BLW14]. Moreover,
it was proved that homologous Lagrangian spheres are Hamiltonian isotopic to each other
in CP2#kCP
2
when k ď 4, and Lagrangian RP2 are Hamiltonian isotopic to the standard
real locus in CP2 in [LW12].
One should note that the smooth uniqueness of homologous Lagrangian spheres also
follows from Shevchishin’s work [She09, Corollary 2(ii)], combined with the uniqueness
up to symplectomorphisms proved in [BLW14]. Recently, Shevchishin and Smirnov an-
nounced a new result on classifying Hamiltonian isotopy classes of Lagrangian spheres in
CP2#5CP
2
. It is certainly an interesting question to ask for a similar classification for
k ą 5, but it likely depends on how much we can extract from Problem 3.5.
Interestingly, the following question remains unsolved at the moment.
Problem 4.2. Are Z{2-homologous Lagrangian RP2 unique up to symplectomorphisms
and smooth isotopies in symplectic rational surfaces?
To explain the context, we recall that in [BLW14], the treatments of Lagrangian RP2
and S2 are largely similar. First, we perform a symplectic cut near a given Lagrangian
L “ RP2 or S2, which results in a symplectic p´4q or p´2q-sphere. We call a set of
exceptional curves push off curves if they are mutually disjoint and disjoint from the
given p´4q or p´2q-sphere, and that the blow down of them gives a symplectic S2ˆS2. A
neck-stretching argument will show the existence of push off curves for any p´4q or p´2q
sphere. Now take a homologous Lagrangian L1 and proceed with the same process, one
can find another complete set of exceptional spheres.
The story diverges from here. In the case of p´2q-spheres (corresponding to Lagrangian
S2’s), the two sets of disjoint exceptional curves are homologous, hence are Hamiltonian
isotopic to each other. At this point, we use a symplectic sum surgery to replace the sym-
plectic p´2q sphere by the original Lagrangian L and L1. This finds, up to a Hamiltonian
displacement of L1, a set of exceptional spheres that are disjoint simultaneously from L
and L1, whose blow-down will yield a symplectic S2 ˆ S2. Then the smooth isotopy of L
and L1 will follow from blowing down this set of exceptional curves and reducing the prob-
lem to the well-known case of S2ˆS2. To get the uniqueness up to symplectomorphisms,
blow-down the same push-off curves. If one traces McDuff’s proof of connectedness of
space of ball-packing, it is not hard to be convinced a slight modification will show that
the same argument works in the complement of a p´2q-sphere. Therefore, the isotopy of
these balls will result in a ball-swapping, which again yields a symplectomorphism that
sends L to L1.
The main issue of Problem 4.2 lies in that, RP2 does not have a Z-homology class but
only a Z{2-class. Therefore, the two complete sets of exceptional spheres disjoint from
two distinct Z{2-homologous Lagrangian RP2’s can have different homology classes. This
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is equivalent to the existence of two smooth complete sets of exceptional curves that are
Z{2-homologous but not Z-homologous. A concrete example was given in [BLW14] where
this actually happens, which results in two smoothly non-isotopic but Z{2-homologous
Lagrangian RP2’s when k “ 10 if we allow the symplectic form to vary.
However, it is noted in [BLW14] that this is the only possible obstruction for Problem
4.2. In other words, if the complete sets of exceptional spheres are homologous, the
above proof for Lagrangian S2 can be carried over to the Lagrangian RP2 without any
difficulties. This is the case when k ď 8, where Borman-Li-Wu concluded the smooth
isotopy uniqueness for Lagrangian RP2’s. On the other hand, given two complete sets of
exceptional classes that are Z{2-homologous but not Z-homologous, we have not found
a symplectic form on any rational surfaces such that both of these sets can be made
symplectic and disjoint from a fixed symplectic p´4q-sphere, due to a symplectic packing
obstructions.
Example 4.3. Take CP2#10CP
2
. Lemma 4.12 of [BLW14] constructs L, a Lagrangian
RP2 for certain symplectic form ω, which has the Z{2-class E1 ` E2 ` E3. It is shown
by Lemma 4.11 in [BLW14] that, this RP2 can not be smoothly isotoped away from the
exceptional curve in class 3H´2E1´E4´E5´¨ ¨ ¨´E9, but their pairing clearly vanishes
in Z{2-homology.
On the other hand, there is a smooth diffeomorphism φ which exchanges the homology
class of E10 and 3H´2E1´E4´E5´¨ ¨ ¨´E9. This can be constructed as a smooth Dehn
twist along a smooth p´2q-sphere in class 3H ´ 2E1 ´ E4 ´ E5 ´ ¨ ¨ ¨ ´ E10. Therefore,
φpLq is a φ˚ω0-Lagrangian RP
2, which is not smoothly isotopic but Z{2-homologous to L.
However, we cannot find a way to upgrade φ to a symplectomorphism. This upgrade
is equivalent to find a ball packing Bipciq in CP
2, i “ 1, ¨ ¨ ¨ , 10, such that E1 ` E2 `
E3 admits a Lagrangian RP
2 embedding, and ωp3H ´ 2E1 ´ E4 ´ E5 ´ ¨ ¨ ¨ ´ E10q “
0. These conditions can be translated into very concrete numerical conditions from a
Cremona criterions derived from [LL02], see [MS12] [Pin08a] or [BP13], and a very recent
development of packing of RP2 [SS].
If one puts together these numerical constraints, the problem becomes an elementary
Lagrangian multiplier problem. The upshot is, such a packing doesn’t exist (even without
taking Shevchishin-Smirnov’s triangle inequality [SS] into account). Unfortunately, the
authors are not aware of an effective algorithm to exploit these numerical constraints to
solve Problem 4.2 in complete generality.
Given what we knew about Lagrangian spheres in rational surfaces, as well as the
symplectic mapping class groups in Milnor fibers, it is natural to expect the following.
Conjecture 4.4. Lagrangian spheres in surface Milnor fibers of ADE type singularities
are Hamiltonian isotopic to one of the zero sections after a sequence of Dehn twists along
these standard spheres.
The conjecture is known to be true for the An type surface Milnor fibers from the
characterization of their mapping class groups, see [Wu14]. It would also be interesting to
study the corresponding questions in the cusp singularities [Kea15]
We conclude this section by raising a general question regarding the displacement
energy. Chekanov discovered in [Che98] that, a displaceable Lagrangian L can be displaced
12
by a Hamiltonian diffeomorphism φ only if the Hofer energy of φ is larger than the smallest
holomorphic disk with boundary on L. There are other interesting conjugation invariant
norms in HampXq. Recall that, one might denote as the autonomous norm as
||f ||aut :“ mintk|f1 ¨ f2 ¨ ¨ ¨ fk “ f, where fi are autonomousu,
see [BK13] for example. There are a series of interesting recent developments in the
study of autonomous norms [PS16, Zhaar], which proves autonomous Hamiltonians are
only a small subset among all Hamiltonian diffeomorphisms in general. Therefore, it is
natural to wonder:
Problem 4.5. Is there an example of Lagrangian submanifold L such that DispautpLq “ k
for every k P Z`?
Here, DispautpLq denotes the smallest autonomous norm for a Hamiltonian to displace
L. Unfortunately, as of the time of writing, it is even unclear if one could find a Lagrangian
so that k ą 0, that is, a Lagrangian which can be displaced, but not displaceable by an
autonomous Hamiltonian. It is not clear if the ball-swappings that are isotopic to identity
potentially gives such examples.
5 The topology of configuration spaces: from classical to
symplectic
As is already clear from our previous discussions, ball-swappings are closely related to the
configuration spaces of points of the ambient symplectic manifold. However, if one focuses
on the symplectomorphism group of blow-ups, an additional layer of complication adds up.
For instance, when we consider the unordered configurations of more than 3 points in CP2,
one has to also include the discriminant locus where three points are collinear. While this
is very interesting in the algebraic geometric point of view, the following problem makes
a more direct connection to a topologist’s configuration space.
Problem 5.1. Given any symplectic manifold X, consider the forgetful map
σ : Embpciq Ñ Conf
ord
k pXq
where σ restricts a ball-packing to the map of the marked point pi. What is the ker-
nel/cokernel of the induced homomorphism on cohomology H ipσq?
The topology of configuration spaces is an active area of research with a long history,
just to name very few examples, see [McD75, Arn69, Chu12]. A wishful speculation in
the direction of Problem 5.1 is a higher homotopical generalization of Biran’s stabilization
theorem
Conjecture 5.2. Assume X has dimension 4 in Problem 5.1. then for any m P Z`, there
exists an ǫpmq ą 0, when ci ă
ǫpmq
k
, such that σ is m-connected.
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For general sizes of blow-ups, one cannot expect the homotopy equivalence to hold.
Instead, the space of ball-packing should exhibit more interesting symplectic behaviors,
and the discrepancy between classical and symplectic geometry is partly captured by the
forgetful map.
In the rest of our discussions, we will only consider cohomology with Q-coefficients.
Pioneering results in the direction of Conjecture 5.2 were obtained by Anjos, Lalonde and
Pinsonnault [LP04] [Pin08b] [ALP09] [AP13], where they studied one-ball packing in S2
bundle over S2 and up to two-ball packing in CP2.
The main strategy of the computation of cohomology rings by Lalonde and Pinsonnault
relies on a computation of the rational homotopy group of SymppS2ˆS2#CP
2
q based on
(3.2) and the map α. To get to the discussion of general ball-packing sizes, the key point
is to analyze the holomorphic curves of negative squares and study the topology of the
space they form. With all these hard work, note that SymppS2ˆS2#CP
2
q is a topological
group, which in particular is an H-space. There is then a connection between the rational
homotopy and the cohomology ring by a theorem due to Cartan-Serre. From this, one
should be able to deduce the rational homotopy type of Embpciq and even the homotopy
type in nice situations. However, to relate the cohomology of the space of ball-packing to
Conf ordk pCP
nq via this approach factors through the homotopy group of SymppX#kCP
2
q,
and almost always gets into the homotopy level. This might not always be easy. Floer
theory could be an alternative tool to attack this problem, and one of the closest related
references could be Varolgunes’s thesis [Var18], from which one can obtain a symplectic
cohomology for the complement of the ball-packing.
Another potentially interesting relation with classical topology is the study of loop
space of ball-packings. Assuming X “ CP2 and ci satisfy (3.3), we have homotopy equiv-
alence α in Section 3. Therefore, (3.2) is equivalent to
SymppCP2#kCP
2
q Ñ HampXq Ñ Embpciq. (5.1)
Replace (5.1) by an equivalent homotopy fibration
ΩEmbpciq
ϕ
ÝÑ SymppCP2#kCP
2
q Ñ HampXq. (5.2)
It is shown by Xicotencatl [Xic02] that
ΩConf ordk pCP
2q „ pS1qk ˆ ΩFS1pS
5q,
where FS1pS
5q “ tpz1, ¨ ¨ ¨ , zkq P pS
5qk : ziS
1 X zjS
1 “ H if i ‰ ju, where the S1 acts by
the standard Hopf fibration. This yields a distinguished pS1qk factor in the homotopy type
of ΩConf ordk pCP
2q. As of now, it is unclear how much the classical topology of loop space
of configurations contributes to SymppCP2#kCP
2
q, but from the current computations in
the literature, we make the following speculation.
Conjecture 5.3. Consider the looped forgetful map Ωσ : ΩEmbpciq Ñ ΩConfkpCP
2, kq.
Then ϕ˚H1pSymppCP2#kCP
2
qq X pΩσq˚pH1ppS1qkqq “ 0.
In other words, we expect that the pS1qk-factor in the loop space of the configuration
space does not contribute to the blow-up of the symplectomorphism groups. In general, we
expect the complication of SymppCP2#kCP
2
q comes mostly from the discrepancy between
ΩEmbpciq and ΩConf
ord
k pCP
2q.
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